Abstract: Hybrid systems contain both continuous dynamics and discrete elements, where discrete transitions happen between different continuous operating modes as a consequence of certain events. The notion of modeling these types of systems is discussed in regard to the four tank process, which has hybrid and nonlinear characteristics. This paper describes the modeling of this system in Simscape software and a hybrid model is created as well, with a hybrid controller being built around it that includes finite-state automata and PI controller. Simulations implemented in Matlab Simulink software prove the viability and correctitude of the method presented.
Introduction
Mathematical models represent the basis of system control, for they describe the behavior of physical events. The goal to be followed when creating such models is to be as accurate as possible in order to reproduce the original system characteristics. A relatively new concept in control theory is the notion of hybrid systems. These dynamical systems can be described by the interaction between continuous and discrete components, as it does not discuss them separately, but on account of their effect on each other. As a result, continuous dynamics described by differential equations are interconnected with logical components defined by finite-state machines or logic rules. Such systems switch among numerous working modes, each mode being defined by different dynamic equations, where the shifts are triggered by the completion of certain conditions [1] . Using this modeling technique we can create an approximation of the system far closer to reality than with other traditional methods. Thus, the objective of this research is to model the discussed system in a hybrid way, validate its correctitude with a Simscape model, and to design a hybrid controller applicable to the hybrid model.
Four tank process
The four tank system was originally introduced by Karl Henrik Johansson for education purposes, specifically to visualize different control theory notions and phenomena in laboratory conditions, such as the effect of multivariable zeros on the system's stability and performance. According to his study, especially zeros placed in the right half-plane have a greater consequence on performance limitations [2] .
A. System description
A schematic diagram of the four tank system is shown in Fig. 1 . The system is built up of four interconnected cylindrical tanks, a reservoir tank and two pumps. Each pump is connected to two valves, which distribute the water into two tanks situated diagonally to each other. While the tanks are being filled up, the water is constantly pouring out through the openings found on the bottom. This system model is similar to the one presented by K.H. Johansson, except in this version four two-way valves are used in total, whereas the original system has only two three-way valves. The system dynamics can be described by non-linear differential equations (1) , which present the changing in time of water levels in each tank. These equations are based on Bernoulli's law and mass balance theories, where the parameter Ati is the cross-section area of the tank, Aoi is the outlet hole crosssection, hi is the actual water level, vi is the manipulated pump speed, ki is the pump constant, while γi is the ratio of water divided to the tank depending on the chosen setting of the particular valve [2] . 
By means of the differential equations we can conclude that the water level in a tank is affected by the amount of water pouring out through the tank's outlet hole, the amount flowing in from the tank found above and the quantity supplied by the pump.
B. Simscape model
The first model of the system was created in Matlab Simscape software. This approach is useful for modeling physical systems in the Simulink environment, on which simulations and analyses can also be run. It allows the user to implement different components by employing pre-defined blocks, with parameters to be set and connections to be made in the right way. For the four tank process the SimHydraulics toolbox had to be used, resulting in a model shown in Fig. 2 .
For the modeling of the pumps a model already available in Matlab has been used (sh_water_supply_system) that was inserted in a subsystem called Pump station. It includes two centrifugal pumps linked up to flow rate sensors. For the tanks placed on the bottom a "Variable Head Three-Arm Tank" block was used, since it needs two inputs and one output. As for the top tanks, the "Variable Head Two-Arm Tank" blocks were applied, with one input and one output. The valves were modeled with "2-Way Directional Valve" blocks, which can also be controlled through the "Control Unit" subsystem with different signals. In addition, a "Reservoir" tank was also implemented as the system's source of fluid and at the same time as the container where it all flows back into. 
C. Hybrid model
Modeling the system in a hybrid way is the main objective of this paper. To start with, the four tank system is of hybrid type because it contains both continuous and discrete elements. This is due in part to the valves it includes, which can be set in two states: on or off. Depending on which state the valve is set in, the dynamics of the system alter accordingly. As a result, the valve's states are the logic elements that control the continuous parts, described by differential equations.
As shown in Fig. 3 , the differential equation defining the evolution of water level in one tank can be in four distinct combinations. These states change together with the valves; for example, in Tank 1's case in state z1a the water level is defined by three variables, however after turning valve 4 on, the pump's output (qv11) will be distributed between Tank 1 and 4 (state z1b). By turning the first valve off, the equation is reduced to two variables, since no water gets pumped into the tank anymore (states z1c and z1d). With this method we can write up each tank's equation, resulting in a finite-state machine with 16 states in total.
After defining the equations we can insert them into the appropriate software to get a hybrid model. One solution is to write the program in HYSDEL language, which has been created especially with the hybrid systems and models in mind, also shown by its acronym (HYSDEL -Hybrid System Description Language) [3] . In this software it is possible to insert logic rules next to differential equations, determine continuous dynamic behavior, and even specify limitations [4] . The code results in a MLD model (Mixed-logic Dynamical), which can also be implemented in the Matlab environment. Since the system's mathematical model is non-linear and in HYSDEL language only linear equations are allowed, the equations had to be linearized. This has been done by approximation with Taylor series method around a certain operation point. The program written in HYSDEL language follows the set of rules and combinations portrayed in Fig. 3 , having four cases for each tank. The inputs of the model are the valve settings and the pumps' control signals, while the outputs are the changing water levels. It was possible to insert this model in Matlab Simulink as an S-function with the hylink parameter.
Hybrid controller
The objective of the controller designed is to adjust the water level in all four tanks to the reference levels set by the user. This can be achieved by controlling the output of the pumps and by switching the valves on or off. As a result, the system has four outputs (tank levels) and six inputs (pump speeds and valve settings), defining it as of MIMO type (Multiple-Input Multiple-Output). The controller's inputs are the control errors calculated from the actual measured water levels and the appointed set points, with the outputs being the control signals for the valves and pumps. The controlled system's block diagram with a negative feedback loop is portrayed in Fig. 4 . Numerous studies have been conducted regarding this system, dealing with different controllers. For example, a Proportional Integral (PI) controller is discussed in [5] , an Internal Model Control (IMC) and a Dynamic Matrix Control (DMC) algorithm has been created on the system's state space model in [6] , also a PI controller is compared with a PID controller's results in [7] , and a General Predictive Controller's (GPC) results are examined in [8] . In paper [9] we can read about the hybrid modeling of a system similar to the one presented in this paper, although structurally it is different, so its dynamics change as well and the control theory applied is model predictive control.
None of the papers researched discuss the possibility of implementing a hybrid controller for this four tank system. The hybrid controller designed through this research is able to determine the control signals for both the pumps and the valves based on the actual water levels. As shown on the controller's state diagram in Fig. 5 , in the first step the reference levels and the actual water levels need to be read into the controller, followed by the calculation of the controller error and the top-bottom hysteresis levels. Furthermore, a finite-state machine had to be implemented, where each state means a different combination of valve settings and pump input. This automata was realized using a switch-case loop and has 16 states in total. To determine the current state a separate Matlab function was written, where each tank's actual water level had to be compared to the appropriate hysteresis levels, determining the state that leads to the desired output. In other words, the switching between states happens in accordance with the current water level. This state is fed into the finite-state machine that calculates the appropriate control output for the pumps and valves. In the next iteration the process starts from the beginning.
In addition, a priority list was also set up, with the upper tanks having a higher priority than the bottom ones, since the latter is already filled from the tanks placed above them. For example, when both Tank 1 and Tank 4 need to be filled, the pump control signal is calculated using Tank 4's error value. 
A. Pump controller
The aim of the pump controller was to adjust its speed according to the amount of water needed in the tanks. One solution was to use a simple Proportional controller (P controller), where the controlled output was defined by the error signal and the proportional gain.
A further improvement was the introduction of the Integral part, resulting in a PI controller. This algorithm computed the control signal based on past values as well (controller output and error), having two tuning parameters to adjust. The integral part eliminated the offset present at the P controller, providing a more stable response.
Since these algorithms were implemented into the hybrid controller, traditional methods for defining the P/PI parameters could not be applied. As a result, the parameters were selected and tuned through experimental simulations. The final parameters used are: Kp = 1.3, Ti = 2 sec, T = 0.1 sec.
B. Valve controller
The goal of the valve controller was to open each valve every time the current water level was lower than the reference level, and close it when it was surpassed. Since reaching the set point would have resulted in a rapid on-off switching of the valves, a hysteresis level was introduced. In this way a valve is turned on only when the water level is below the lower hysteresis limit, and turned off when it reaches the upper limit.
C. Simulation results
Many simulations were conducted both on the Simscape and hybrid model. The parameters used for the experimental system model are given in Table 1 . First of all, the models' correctness had to be analyzed by running simulations without any control signal. As it can be seen in Fig. 6 the two simulations show similar response, but in the Simscape model's case the tanks are depleted more quickly (the bottom tanks 8 times faster, the top tanks 4 times). On one hand, this can be explained by noticing the fact that the hybrid model is an approximation of the real system due to the process of linearization. On the other hand, setting the parameters of the Simscape model leaves space to errors and irregularities. The next step was verifying the models' responses to a certain constant input signal. In each case Tank 1 and Tank 4 needed to be filled by opening valves v1 and v4, and turning pump P1 on, setting its rotational speed to the highest. In the HYSDEL code this was realized by assuming that the water is distributed in both directions in equal rates, in other words by setting the γ parameter to 50%. Fig. 7 shows that in both simulations the two tanks are being filled up as expected, with Tank 1 reaching a higher water level in the end, since water is flowing into it from the tank above. The level in Tank 2 and 4 is also rising, while Tank 3's level is dropping in a linear rate. Comparing the two simulations we can notice the biggest difference in Tank 3's case, specifically the Simscape model has a wrong operation, because at 50 seconds Tank 3's water level suddenly starts to rise, instead of decreasing. Although the Simscape model structure and the parameters are correct, we could not find out the reason of this malfunction. After these tests concluded, simulations were made with the hybrid controller connected to the system. First the P controller was implemented, its results shown in Fig. 8 , with the following reference levels: 17, 18, 12 and 11 cm respectively. Although the tanks' levels got close to the set point, the controller was not able to regulate them exactly to the desired level. Furthermore, we can notice the switching effect as well: when Tank 4's level approaches the reference level pump P1's speed is lowered, consequently Tank 1's level is raised in a slower rate as well. In comparison, the PI controller led to better outcome. In Fig. 9 we can see the tank levels being regulated precisely to the reference levels used before. The only drawback is the 0.2 cm overshoot value at Tank 3 and 4's water levels before reaching the steady-state value. In addition, the settling time was similar to the one experienced with the P controller: 550 seconds in the first two tanks' case, and 150 seconds in the other tanks' case.
In Fig. 10 we can examine the control signals sent to pump P1, valve v1 and v4, both in the hybrid P controller's and the hybrid PI controller's case. In the beginning, both Tank 1 and 4 needed to be filled, so a maximum control signal was applied to the pump, followed by a reduction of 70 % after Tank 4 attained its reference level. When Tank 1's level got to the set point as well, the pump's signal started oscillating to maintain that level. We can notice the PI controller's benefit, a reduction of 29.4 % in the oscillation's frequency. The signals sent to the valves had a similar behavior: valve v1 was switched on until Tank 1's level hit the set point, followed by a series of on-off shifts. The same can be observed in valve v4's case, only with larger periods between shifts. The same reduction of 29 % on average describes the valve switching's frequency too. 
Conclusion
To sum up, the problem of hybrid modeling and control of the four tank process is discussed in this paper. Besides the hybrid model written in HYSDEL language, a Simscape model has also been created. It was proven through different simulations that both modeling techniques lead to a system with expected behavior, although the Simscape model needs further investigations. The hybrid control algorithms developed for the HYSDEL model regulates the water levels in each tank to the desired reference level, with the PI controller leading to better results. In conclusion, the approach of hybrid modeling is applicable for systems that include both continuous dynamics and logic rules, resulting in a valid approximation of the real system.
